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Abstract-An approach to the large amplitude free, undamped flexural vibration of elastic, isotropic skew
plates is developed with the aid of Hamilton's principle taking into consideration the effects of transverse
shear and rotatory inertia. On the basis of an assumed vibration mode of the product form, the relationship
between the amplitude and period is studied for skew plates of various aspect ratios and skew angles
clamped along the boundaries. It is found that the time differential equation, i.e. modal equation when
numerically integrated provides interesting information about the effects of transverse shear and rotatory
inertia on aspect ratios and skew angles of thin and moderately thick skew plates both at small and at large
amplitudes.

INTRODUCTION

The study of large amplitude flexural vibration of plates and shells has gained considerable
importance in the recent years. The importance arises from the fact that when the flexural
vibration involves large amplitudes the frequency of free or forced vibration is very much
dependant upon the amplitude. The vibration of plates when the amplitude is large is governed
by a system of coupled nonlinear differential equations as given by Herrmann[l]. Approximate
solutions to these equations have been obtained by Chu and Herrmann [2], Yamaki[3] and
several others. Since then several papers have appeared dealing with the large amplitude
vibration of plates of various geometries [4]. Nowinski [5], using the stress function approach,
developed the governing dynamic equations for skew plates and presented numerical results.
Following this a study of large amplitude vibration of skew plates was carried out by the
author [6, 7] wherein Berger approximation, influence of orthotropic parameters, inplane edge
conditions, etc. were all investigated in detail.

Skew plates are extensively used in modern aircraft industry and the understanding of the
vibration characteristics of such plates under severe operating conditions is becoming increas
ingly important. For the analysis of such class of problems many classical methods, however,
are found to be inadequate since plate deflections during vibration are no longer small compared
to the plate thickness. It is precisely this situation which introduces geometric nonlinearity
necessitating the use of nonlinear strain displacement relations in the analysis. Consequently,
the governing differential equations become nonlinear and difficult to deal with. Furthermore,
the plate components may become moderately thick due to the actual design requirements
involving the study of complicated effects such as transverse sheaf- deformation and rotatory
inertia on large amplitude vibration.

Reissner[8] extended the classical plate theory to take into account the effect of shear
deformation on the static behaviour of plates and a further improvement in plate theory was
later suggested to include the effects of shear deformation and rotatory inertia un dynamic
behaviour of plates [9, 10]. Since then several papers dealing with these effects on plates of
rectangular and circular geometries followed this approach. However, to the author's know
ledge there seems to be no work reported on these lines for the dynamic analysis of skew
plates. Attention is given in this paper to the study of the effects of geometric nonlinearity,
transverse shear deformation and rotatory inertia on dynamic behaviour of skew plates.

A system of equations governing the large amplitude vibration of skew plates is derived to
include the effects of transverse shear deformation and rotatory inertia. The solutions to the
governing equations formulated in this paper are obtained using an assumed vibration mode and
the Galerkin's method. Computations are restricted to the fundamental mode of the flexural
vibration which is usually considered sufficient for practical or engineering purposes. Amplitude
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is plotted vs the period for different aspect ratios, skew angles and thickness length ratios of
rectangular and skew plates taking into account the shear deformation and rotatory inertia
effects. It is shown that these effects play a considerably important role in the dynamic
behaviour of moderately thick plates.

GOVERNING EQUATIONS

The geometry of the plate and the coordinate system are shown in Fig. 1. x and y are the
oblique coordinates and 8 is the skew angle. ~ and 11 are the rectangular Cartesian coordinates.
The material of the plate is assumed to be isotropic, elastic and homogeneous. Using u, v and w
to represent the displacement components in the plane of the plate and transverse direction
respectively, the strains of the median surface of the plate may be written as

where

'Y = ('YXy)z=o = CU,y +SV.y+ v,x + w.xw.y (1)

C = cos 8, S = sin 8.

Strains for any point away from the median surface at a distance z, where z is measured from
the median surface normal to the plane of the plate are

'YXy = 'Y + z(a,y +P.x), 'Yxz = a + w,x. 'Yyz = P+ W,y (2)

where a and P stand for the bending slope in the x and y directions, respectively,
In order to consider the effects of transverse shear deformation and rotatory inertia in the

plate theory, the displacement components for a point off the median surface are taken in the
following form

u(x, y, z, t) = Cu(x, y, t) + Sv(x, y, t) + za(x, y, t)

v(x, y, z, t) = v(x, y, t) +zP(x, y, t)

w(x, y, z, t) = w(x, y, t),

The stress-strain relations can be expressed as

(3)

(4)

x

y, TJ, v

2b

Fig. l. Geometry and coordinate system,



or alternatively as
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(5)

where the coefficients aij and Cij satisfy the reciprocal relations aij :::: aji> Cij :::: Cji and are defined
in the Appendix.

The stress and moment resultants, by definition, are

Thus,

f
hl2

Nij :::: . O'ijdz,
-hl2 f

hl2

Mij :::: O'ij Z dz.
-hl2

(6)

(7)

(8)

(9)

where, Vx and Vy are the transverse shear force per unit length of the plate and h is the
thickness of the plate.

The strain energy of stretching of the middle surface, therefore, can be written as

U. :::: ~IxIy(anEt
2+ a22El + a44'Y2+ 2a12EIE2

+ 2a14EI'Y + 2a24E2'Y) dx dy.

The strain energy in bending becomes,

(10)

U" :::: Ixr{M..a,x + Myl3.y+ Mxy(a,y + tJ.x) + VAa + w,x) + VY(l3 + w.y)

-~(CnM/+ CnM/+ C44M~y+2CI2MxMy+2CI~xMxy+2C24MyMxy)

- 5~ (CSS Vx2+ C66Vy2+2CS6VXVy)} dx dy. (11)

It is to be noted that the above expression for the bending strain energy includes the effect
of transverse shear deformation. If this effect is neglected in the analysis eqn (11) can be shown
to reduce to eqn (7) of Ref. [6].

The expression for the kinetic energy of the plate can be written as

T Cp I1 {h 2 2 2 h
3

(2 2 } d:::: 2 y (u.,+ v., + W,t)+ 12 a.,+ l3.,) x dy (12)

where p is the mass per unit volume of the plate. With the aid of eqns (10)-(12) and with the use
of Hamilton's principle along with Reissner's variational theorem, the governing equations of
motion are derived and are given below in a considerably simplified form

Nx,x + Nxy,y :::: 0

Ny,y + Nxy,x :::: 0

(13)

(14)
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Vx.x + Vy.y+ Nxw.xx + Nyw,yy +2Nxy w.xy = Cphw.tt

Cph 3

Mx.x + Mxy,y - Vx-u a.11 = 0

6
f3 + w.y - 5h (C66 Vy + CS6 Vx ) = o.

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

It can be seen from the governing eqns (13)-(22) that they take care of the effects of transverse
shear deformation and rotatory inertia.

The two in-plane equilibrium equations given by eqns (13) and (14) are automatically
satisfied by the stress function F(x. y) defined as

Ny = hF.w Nxy = - hF.xy. (23)

Solving for Vx and Vy from eqns (21) and (22) and upon substitution of Vx and Vy and eqn
(23), eqn (15) becomes

1+ Dn({3.x + a.y+ 2w.xy )- D19(a.x + w.xx )- D1S({3,y + w.yy ) - Cphw.tt = 0 (24)

where

1= h(F.yyw.xx +F.xxw,yy - 2F.xy w.xy )'

The remaining seven equations namely eqns (16)-(22) can be reduced to two equations in
terms of a, f3 and W as given below:

a + W.x - D1a.xx - D2f3. yy -1J:Ja.yy - D4f3.xx - Dsf3.xy - D6a.xy + ~a.tt + Dsf3.11 = 0 (25)

f3 + W,y - ~a.xx - DlOf3.yy- Dlla,yy - D12 f3.xx - D13 f3.xy - D l4a.xy + D 1s f3.tt + D l6a.tI = 0 (26)

where the coefficients D1 - Dl9 are defined in the Appendix. The compatibility condition in
terms of the stress function F, becomes [6]

where K I - K 4 are defined in the Appendix.
Equations (24)-(27) are then the governing equations for the large amplitude free, undamped

flexural vibration of isotropic skew plates which take into account the effects of geometric
nonlinearity, transverse shear deformation and rotatory inertia. Equations (25) and (26) can be
solved simultaneously for a and fJ thus eliminating these from eqn (24).

ILLUSTRATION

The set of equations given by eqns (24)-(27) are coupled and nonlinear in nature and exact
solution to these is difficult to obtain. Therefore the theory is illustrated here by application to
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the free, undamped vibration of a skew plate clamped along the boundaries where only an
approximate solution is attempted. For a plate of dimensions 2a, 2b an expression in the
following form is assumed in order to satisfy the boundary conditions

(28)

Assuming that the clamping of the edges of the plate does not prevent free in-plane
motions [5], the stress function F is obtained as follows by solving eqn (27).

7TX 7Ty 27TX 27TY
F(x, y, T) = al cos-;-+ a2cosT+ a3cosa+ a4 cosT

7TX 7Ty TTX 27Ty 7Ty 27TX . TTX . 27Ty
+as cos -;- cos T + a6 cos -;- cos T + a7 cos T cosa + a8 sm -;- sm T

• 7Ty . 27TX . TTX . 7Ty (29)
+ a9smTsma+ alOsm-;- SlOT

where the coefficients al - alO are given in the Appendix. Let

II = 1+ 2D17 W,xy - DI8W,yy - DI9W,xx - Cphw,1I

a2 a2 a2 a2
J =1- DIa; - D3 -ay - D6 axay +~a?

a2 a2 a2 a2
K =D8~- Dz~ - D4~ - Ds--at ay ax axay

a2 a2 a2 a2

L = DI6~-~~- DII~- DI4--at ax ay a~ay

a2 a2 a2 a2

M = 1- DIO-ay- DI2 a;- D13 axay +DIS a?

a4 a4 a4 a4

N = Dwa?+ Dzi ax2al+ Dz2a?+ Dz3 ax3ay

a4 a4 a4 a4

+D". axay3 + Dzs 8(4+ Du ax2at2+ lJ.z7 axayat2

a4 a2 a2 a2 a2
+Dzs ay2at2+ Dz9a;+ D30 -ay+ D31 axay - D32a?-1

a2 a2 a2 a4

R = 2D17 axay - DI9 a; - DI8 -ay +D:!3 a?

a4 a4
, a4 a4

+ D:!4 a? + D:!s ax2ay2 +~ axay3+D:!7 ax3ay

a4 a4 a4

+~8 ax2at2 +D39 ay2at2 +D40 axayat2

(30)

(31)

(32)

(33)

(34)

(35)

(36)

where the coefficients Dw - D40 are defined 10 the Appendix. Equation (24) can now be
rewritten as

From eqns (25) and (26) it follows that

N(a) = M(w,x)- K(w,y)

N(fJ) = J(w,y)- L(w,x).

(37)

(38)

(39)
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Using the operator N on eqn (37) and substituting for N(a), N(fJ) from eqns (38) and (39) it
follows that

N(lt) +R(w) = O. (40)

Thus eqns (24)-(26) are reduced to one equation, namely eqn (40).
Substituting the assumed mode shape w from eqn (28) and F from eqn (29), eqn (40) is

solved approximately using Galerkin's method. The result, after considerable simplification is a
time differential equation in f as given below:

Cd +CJ +ci+ C4/+ c5l + CJ2 j + C7 flf)2

cs/i j + Cgf(j}2 + ClOlf)2J + CliP l= 0 (41)

where ( ) =(a/ar), r = tq{112l and the coefficients C1 - CII are defined in the Appendix.
Equation (41) is the modal equation applicable for the large amplitude free, undamped

flexural vibration of a clamped skew plate with movable edges. This ordinary nonlinear
differential equation is solved numerically using the Runge-Kutta method. During the evalua
tion of the coefficients Cl - Cll' it was observed that C3, C4, Cs, Cg, C IO and CII were neglibible
in comparison to others and therefore the terms containing these coefficients have been thrown
out in the final solution of eqn (41). With this simplification in mind, eqn (41) has been
numerically integrated taking the time interval Vr as 0.001. The ratio of the nonlinear period of
vibration T, including the effects of transverse shear deformation and rotatory inertia, to the
corresponding linear period To of a classical plate, not including these effects, has been
computed for different nondimensional amplitudes, plate aspect ratios, skew angles and
thickness-length ratios of the plate. The results are presented in graphical form in Fig. 2-13.

CONCLUDING REMARKS

A set of equations governing the large amplitude free, undamped flexural vibration of skew
plates to include the effects of transverse shear deformation and rotatory inertia are derived in

I
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Fig. 2.
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Fig. 3.
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Fig. 2. TITo vs amplitude Ii =' 0°, r =' 0.5; B, (h/2a) =' (1110); C, (h/2a) = (1120); D, (h/2a) = (1130); E, no
transverse shear or rotatory inertia.

Fig. 3. TI To vs amplitude Ii =' 0°. r = 1.0; B, (h/2a) =(1110); C, (h/2a) =(1/20); D, (h/2a) =(1130); E, no
transverse shear or rotatory inertia.
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Fig. 4. TITo vs amplitude 9 =0", r =1.5; B, (hI2a) =(1110); C, (hI2a) =(1/20); D, (hI2a) =(1130); E, no
transverse shear or rotatory inertia.

Fig. 5. TITo vs amplitude 9 =15°, r =0.5; B, (hI2a) =(1/10); C, (hI2a) =(1/20); D, (hI2a) =(1/30); E, no
transverse shear or rotatory !nertia.
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Fig. 6. TITo vs amplitude 9 =15°, r =1.0; B, (hI2a) =(1/10); C, (hI2a) =(1/20); D, (hI2a) =(1130); E, no
transverse shear or rotatory inertia.

Fig. 7. TITo vs amplitude 9 =15°, r =1.5; B, (hI2a) =(1110); C, (hI2a) =(1/20); D, (hI2a) =(1130); E, no
transverse shear or rotatory inertia.
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1.0 1.5 A

Fig. 8. TlTo vs amplitude e=300. f =0.5; B, (h/2a) '" (1/10); C, (hI2a) =(1120); D, (hI2a) = (130); E, no
transverse shear or rotatory inertia.
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Fig. 9. TITo vs amplitude e=30°, f'" 1.0; B, (hI2a) =(1110); C, (hI2a)'" (1/20); D. (hI2a) = (1130); E, no
transverse shear or rotatory inertia.
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Fig. 10. TITo vs amplitude e", 30°, f '" 1.5; B, (hI2a) '" (1110); C, (hI2a) = (1120); D, (hI2a) = (1130); E. no
transverse shear or rotatory inertia.
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Fig. II. TIro vs (hI2a), amplitude'" 0; a, 8 "" 0°; b, 8 '" 15°; c, 8'" 300; 1, r '" 0.5; 2, r '" 1.0; 3, r "" 1.5
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Fig. 12. TIro vs (h/2a), amplitude'" 0.5; a, 8'" 00; b, 8'" 15°; c, 8'" 300; I, r '" 0.5; 2, r = 1.0; 3, r = 1.5.

this paper using the stress function approach. The governing equations and the numerical
results reported in this paper are in excellent agreement with those in the literature so far
available only for rectangular plates. Amplitude is plotted vs period for different aspect ratios,
skew angles and thickness length ratios of plates. For the sake of easy comparison results
where these effects are not considered are also plotted. The influence of transverse shear and
rotatory inertia on large amplitude vibration of plates in general is shown by a consistent
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Fig. 13. TlTovs (hl2a). amplitude = 1.0; a. 8 =0"; b. 8 = 15'; e. 8 = 30"; I. r = 0.5; 2. r= 1.0; 3. r= 1.5.

increase in the nonlinear period although the increase is less at moderately large amplitudes. It
is seen that these effects playa considerably important role in the period-amplitude behaviour
of moderately thick plates and have practically no influence on thin plates with thickness-length
ratio less than 0.05. Rectangular plates seem to respond more to these effects at relatively small
amplitudes whereas at moderately large amplitudes the trend reverses and skew plates are
influenced more by these effects.
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APPENDIX
EI

all = C3' a22 =C {2t I
2(E3+20) +E1(1 +114)},

1 G 1
a"'=(5(G+EI / 1

2), as, = (5' 066= a", al2 = (5(E, + E11/).

Ell. 2
al4 = --cr' a24 = -11(2G + EIII + E3), a'6 = -G/"

ajj=aji, II = SfC, aj3=aj,=aj6=0; i=I,2,3,4.

eo = a••a22 - a24aI2, el = a24al4 - a...aI2,
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E. II, G are the material constants of the isotropic plate.

D1 ", H(CssG 1+C\6G2), ~ = H(CS6G3- CSSG4),

~ = H(CssGs- CS6G6), D4= H(CssG,+ CS6GS),

Ds= H(CssGs- CS6G9). D6= H(CssG IO - CS6GII).

0, '" GI2CSS• Ds=G\2CS6• 1J<J =H(CS6GI+C66G2).

D lo =H(C66G3- CS6G4). D II =H(CS6GS- C66G6),

DI2 = H(CS6G,+ C66GS), DB = H(CS6GS - C66G9).

DI4 = H(CS6GIO - C66GII). DIS = G\2C66• DI6 = Ds,

h2 BI
H=10C" GI=C

II
' G2=C;CI2• G3=B4• G4=Bs•

Gs= C;CI2• G6= C;C\2. G, = c1h • Gs = c1J2 +Gs•
II II

B3G9 "'G4+G6• GIO"'-C +G2, Gil = (C4-Cj)C12.
II

G12 =cft. BI = C'+ C4Ct2- e;C\2CI4,

8 2= CI48 s-C\284, 83= C\2(C2C\2- C;CI4),

B4 = qCII +QCI4• 8 5 = e;CII +C;CI4•

Cj = CII C22 - Ct2. c; '" CII C24 - C12C14•

C3 = CI2C24 - CI4Cn. C4= C44C\2- C14C24•

C' = c;C4- c;e;, C· = C;6 - CSS C66• HI = ~~.

D17 = HICS6 , DIS'" HICSS• D19 = Ht C66• ~= DJ)g- D,D\2,

~t = Dz1J<J +D~II + DsDI4 - DIDIO - ~D\2 - D~B'

~2 '" DzDII - D3DIO• ~3 = D~14+Ds1J<J - DIDn - D6D\2.

~ = ~D14+DsDII - ~Dn - D6DIO, ~ = DsDI6 - o,Dls ,

Du = DIDls +o,D\2 - Ds1J<J - D4DI6, ~, = D6DIs +o,DB 

DsDI4 - DsDI6• Dzs =~Dls +o,DIO - DsDII - ~DI6'

~ = DI +D12• D30 = V, +Dlo• V,I = D6+DB. V,2 = 0, +DIS.

V,3 =D17[)g +D19D12• ~=D17Dz +DlsV,.

D3S = D17(DII +D4- Dn - D6)- DIg(Ds- DIO)- D18(D14 - DI),

~=D17(Ds- DIO - D3)- ~DI9+ Dls(~- DII ).

~, = D17(DI4 - DI2 - DI)+ DIg(DB- D4) - D I81J<J.

V,8 = -(D17DI6 +DI9DIS), V,9'" -(DI7Ds +Dlso,).

DM) = DI,(Dls +0,) +DI9Ds +DISDI6

KI= ~(l + tl2f. K2= 2(1 +252), K3", K4= -45.

- EC(jhr)2 a d al
d= 16 ,r=/j' al ="2' a2= KI~'

879
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1
A'4 = a7 +4a), A,s = a. +4a4' A,. = 2(as+ ag),

m,"'1+r(K2+K,r), m2=r(K)+K4r), m)=m,2- m22,

m4'" 16 +r(4K2+ K,r). ms = 2r(4K3+K4r), m. '" ml- ms2•

m7"'1+4r(K2+4K,r). ms=2r(K3+4K4r), mg=ml-ms2,

E 17"2 17"2 Cph 2

q = -,;;ii' m = az· n = b2' e = -4-' C, = g22.

C2=g2)q. C3 =g24q2. C4 =glSq3. Cs = ds.

3
C. =q(d7+ds), C7=2C., Cs =8d.q2. Cg=4Cs,

Cs
CIO = 2C9• CII = S'

dl = m2{2A lI D20 +2A 12D:!2 r4 +(D:ro+ D21 r+ D:z2~) A 13

- rA I.(D:z3 + D:z4r )}

d2= m {A I.D3I r- 2AlID:!.-2AI2~r-A 13(D:zg+ ~r)}

d) = 2(A ll +Anl+ An, d4", m {2A II Pz. + 2A 12D:zsr

- A,.D:z7r +An(D:z. + D28r)}.

ds=dg(d, +d2- d3). d. =3D:zsd3dg,

mnh2
d7=- 3D32d3dg, ds =- 3d4dg• dg=-4-

g, = D20m2- D:!.m - I. g2'" n(D22n - D3Q).

g3 = mr(D2)m + D24n -1J:Jd, g4 = D2.m, gs = D:zsn,

g. = D:z7mr. g7'" (Dig + D,sr), gs = gl + g2 + g, I.

gg = 3{m(DIg+ !JJ3m)+ n(Dls + 1J:J4n)} + D3S mn.

glO = -(D3Sm + 1J:Jgn). gil =D:zlmn.

mh ..2
g,2 = 4 {g7gS + 2D,ggl + 2D,s,(g2 - I) - 2DI7 rg3},

gn =e{-4 +2g1+2(g2 - 1) +gs}, g'4 '" geD32 ,

3
g,s = -geD:zs, g,. = -4 mhD32g7.

gl7 =- ~h {2D19g4+2D,srgs +(g4 + gS)g7 - 2DI71!1.}.

3 h 3
g,s ="4 D2S mh g7' gig ="4 gg. g20 =4h glO,

g21 '" 3e(g4 + gs), g22 = gl2 + gig.

g23 = g,3 + gl. + gl7 + g20,

g24 = gl4 + gls + g21.


